In this article, we give the exact interval of the cross section of the Multibrot sets generated by the polynomial z p + c where z and c are complex numbers and p ≥ 2 is an even integer. Furthermore, we show that the same Multibrots defined on the hyperbolic numbers are always squares. Moreover, we give a generalized 3D version of the hyperbolic Multibrot set and prove that our generalization is an octahedron for a specific 3D slice of the tricomplex polynomial η p + c where p ≥ 2 is an even integer.
Introduction
Multicomplex dynamics appears for the first time in 2000 (see [11] and [12] ). The author of these articles used a commutative generalization of complex numbers called the bicomplex numbers, denoted M(2), BC or T, to extend the well known Mandelbrot set in four dimensions and to give a 3D version of it. 1 4 ]. Moreover, from [9] and [10] , we know that
for any odd integer p > 2. The proof was based on a precise analysis of the roots of the polynomial g c (z) := z p − z + c. However, the following characterization
for an even integer p ≥ 2 was left unresolved in [10] . In this article, we use a new approach to prove that the Conjecture (2) is true and has many consequences in tricomplex dynamics. The article is separated into three sections. In the first section, we recall some basics of the theory of tricomplex numbers. In the second section, we give the proof of the main theorem related with the Conjecture (2) . In the third section, we prove that the Hyperbrot set of order p defined as
is bounded (3) where D is the set of hyperbolic numbers (see [13] , [15] and [16] ) is a square when the degree p ≥ 2 is an even integer. Finally, we define the generalized 3D version of the Hyperbrot sets and prove that they are regular octahedrons.
Preliminaries
In this section, we begin by introducing the tricomplex space M(3). One may refer to [1] , [3] , [4] , [8] and [17] for more details on the next properties. A tricomplex number η is composed of two coupled bicomplex numbers ζ 1 , ζ 2 and an imaginary unit i 3 such that
where i
The set of such tricomplex numbers is denoted by M(3). Since ζ 1 , ζ 2 ∈ M(2), we can write them as ζ 1 = z 1 + z 2 i 2 and ζ 2 = z 3 + z 4 i 2 where z 1 , z 2 , z 3 , z 4 ∈ M(1) ≃ C. In that way, (4) can be rewritten as 
where
After ordering each term of (6), we get the following representations of the set of tricomplex numbers:
Let η 1 = ζ 1 +ζ 2 i 3 and η 2 = ζ 3 +ζ 4 i 3 be two tricomplex numbers with ζ 1 , ζ 2 , ζ 3 , ζ 4 ∈ M(2). We define the equality, the addition and the multiplication of two tricomplex numbers as Table 1 shows the results after multiplying each tricomplex imaginary unity two by two. The set of tricomplex numbers with addition + and multiplication · forms a commutative ring with zero divisors. A tricomplex number has a useful representation using the idempotent ele-
The representation (11) of a tricomplex number allows to add and multiply tricomplex numbers term-by-term. In fact, we have the following theorem (see [1] ):
and η 2 = u 3 γ 2 + u 4 γ 2 be the idempotent representation (11) of η 1 and η 2 . Then,
Moreover, we define the norm · 3 : M(3) → R of a tricomplex number η = ζ 1 + ζ 2 i 3 as
According to the Euclidean norm (12), we say that a sequence {s m } Finally, we recall (see [3] and [9] ) an important subset of M(3) that is useful to section 3.
Proof of the main theorem
In this section, we show that the intersection of a Multibrot set with the real line is exactly an interval. Then, our aim is to prove the following result.
Theorem 2. Let p be an even integer with
The following lemma will be useful.
Proof. Since f (x) − x has no zeros in (a, ∞) and lim inf x→∞ (f (x) − x) > 0, we have f (x) > x for all x > a. Thus, for each x > a, the sequence f n (x) is increasing. If it does not tend to infinity, then it must tend to a finite limit b > a, and letting n → ∞ in the relation f (f n (x)) = f n+1 (x), we get f (b) 
.
To summarize, we have shown that, for c ≥ 0, we have
Now we turn to the case c < 0. Letting g c (x) = x p − x + c once again, we have g c (0) = c < 0 and g c (x) → ∞ as x → ±∞, so g c has at least two zeros, one positive and one negative. Moreover, g 
× −2 
Finally, combining (15) and (16), we obtain the conclusion of the theorem. Figure 1 shows examples of some Multibrot sets.
Consequences of the main theorem
In this section, we use Theorem 2 to prove that the Hyperbrots are always squares. In addition, we give a generalized 3D version of the Hyperbrot sets and prove that our generalization is a regular octahedron for even integers with p ≥ 2.
Characterization of the Hyperbrots
In 1990, Senn [14] generated the Mandelbrot set using the hyperbolic numbers. Instead of obtaining a fractal structure, the set obtained seemed to be a square. Four years later, in [6] , Metzler proved that H 2 is precisely a square with diagonal length 2 1 4 and of side length 9 8 √ 2. It was also proved in [10] that the Hyperbrots are always squares for odd integers greater than 2. In this subsection, we generalized their results for even integers.
According to the tools introduced in [9] and Theorem 2, we have the following result.
Theorem 3. Let p ≥ 2 be an even integer. Then, the Hyperbrot of order p is characterized as
Proof. Using the notations and Lemma 7 in [9] , and the remark right after, H are bounded. However, according to Theorem 2, these sequences are bounded if and only if
Then, subtracting t p from both sides gives the following inequalities
Moreover, inequalities (17) are equivalent to
Thus, c = x + yj ∈ H p if and only if (18) holds.
Figure 2 represent faithfully Theorem 3. We remark that each square is centered at the point (t p , 0). Moreover, we note that the squares seem to have a limit set as the even integer p tends to infinity. Proof. The proof is similar to the one in [10] . We just replace m p by l p in the proof.
As a consequence of Lemma 2 and Theorem 3, we have the following corollary illustrated by Figure 3 : Figure 3 shows some Perplexbrots in 3-dimensional space. We remark that they are centered at the point (t p , 0, 0).
The next result is similar to Theorem 4, that is if p → ∞, then the sequence of generalized Perplexbrots converges to a non-empty compact subset of R 3 .
Theorem 5. Let P := x + yj 1 + zj 2 : (x, y, z) ∈ R 3 and |x| + |y| + |z| ≤ 1 . Then
Proof. The proof is similar to the two-dimensional case.
Conclusion
In this article, we treated Multibrot sets for polynomial of even degrees. The characterization that we obtained for the intersection of the real line with a Multibrot set implies that the Hyperbrots and the Perpexbrots for polynomial of even degrees are squares and regular octahedrons respectively. This work concludes a sequence of previous works on the same topic. If we join all the results of this work with results of [9] and [10] , we have finally proved the following theorems. 
